For three-body system (e.g. two-electron atom) Herrick and Stillinger found exact * Electronic address:
interdimensional degeneracies between the states [3] . For a four-body system (e.g. threeelectron atom) Herrick [2] found an exceptional interdimensional degeneracy that the triply excited 2p 3 4 S fermion state of the lithium atom is exactly degenerate with the spinless boson 1s 3 ground state for D = 5 (D = 5 was misprinted as D = 3 in Ref.
[2]). In 1961 Schwartz [4] proved by the recursion relation that for a three-body system in three-dimensional space, any angular momentum state can be expanded in a complete set of the independent bases whose number is finite. Recently, by the method of the generalized Schwartz expansion [5, 6] , Dunn and Watson showed some exact interdimensional degeneracies of two-electron system in an arbitrary D-dimensional space [7, 8] . To our knowledge, no theoretical method has yet dealt with interdimensional degeneracies when N > 3.
Recently, we proved the Schwartz expansion again by the method of generalized spherical harmonic polynomials, and presented a new development for separating completely the global rotational degrees of freedom from the internal ones for the N-body
Schrödinger equation in three-dimensional space [9] as well as in D dimensions [10, 11] .
We found a complete set of base functions for angular momentum in the system. Any wave function with a given angular momentum can be expanded with respect to them where the coefficients, called the generalized radial functions, depend only upon the internal variables. The generalized radial equations satisfied by the generalized radial functions are derived from the Schrödinger equation without any approximation [9] .
The exact interdimensional degeneracies in a three-body system [12] were obtained directly from the generalized radial equations. In this Letter we study interdimensional degeneracies for an N-body system in D-dimensional space. system with a spherically symmetric potential V is
where 2 r k is the Laplace operator with respect to the position vector r k . For simplicity, the natural unitsh = c = 1 are employed throughout this Letter. Replace the position vectors r k with the Jacobi coordinate vectors R j :
where R 0 describes the position of the center of mass, R 1 describes the mass-weighted separation from the second particle to the first particle, R 2 describes the mass-weighted separation from the third particle to the center of mass of the first two particles, and so on. In the center-of-mass frame, R 0 = 0, the N-body Schrödinger equation reduces to a differential equation with respect to (N − 1) Jacobi coordinate vectors R j :
where [µ] stands for the angular momentum as discussed later.
In a D-dimensional space it needs (D − 1) vectors to determine the body-fixed frame. When D ≥ N, all Jacobi coordinate vectors are used to determine the bodyfixed frame, and all internal variables can be chosen as
We call the set of internal variables (4) 
The numbers of the rotational variables and the internal variables are D(D − 1)/2 and
For an N-body system in D-dimensions, the angular momentum is described by an functions. The reader is suggested to refer our previous paper for detail [11] .
Due to the rotational symmetry, one only needs to discuss the eigenfunctions of angular momentum with the highest weight. The independent base function for the angular momentum [µ] with the highest weight is Q 
The number of the independent base functions Q R 1 , . . . R N −1 ) is a little bit changed [11] , but it will not affect the generalized radial equations as well as the interdimensional degeneracies. 
There is a one-to-one correspondence between base functions Q 
The coefficients ψ (R 1 , . . . , R N −1 ) . The calculation consists of three parts. The first part is to apply the Laplace operator to the generalized radial functions ψ [µ] (q) (ξ) which can be calculated by replacement of variables. When D ≥ N, we have
where ξ jk = ξ kj and ∂ ξ denotes ∂/∂ξ and so on. The second part is to apply the Laplace operator to the generalized spherical harmonic polynomials Q [µ] (q) (R 1 , . . . , R N −1 ), which is vanishing due to Eq. (7). The third part is the mixed application:
The second term is invariant under transformation µ j −→ µ j +n and q jk −→ q jk +nδ jk .
The first term is equal to
Under the above transformation it produces the additional terms to the generalized radial equations
which exactly cancel with the additional term from Eq. (9) if D is replaced with D −2n
at the same time.
From the above proof we come to the conclusion for the complete spectrum of the exact interdimensional degeneracies for an arbitrary N-body system with a spherically symmetric potential that all the states in the system with the angular momentum When D = N − 1, ζ D in the second set of internal variables happens to be propor- Therefore, we obtain an exceptional interdimensional degeneracy between these two states.
In this Letter we have provided a systematic procedure for analysis of observed degeneracies among different states in different dimensions and yielded considerable insight into the energy spectra of an N-body system. Since the generalized radial equations for a quantum N-body system in an arbitrary D-dimensional space with a spherically symmetric potential V are derived without any approximation [11] , the interdimensional degeneracies given here are exact and general.
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